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Abstract
We show how an appropriate choice for affine connections in the target manifold allows the pseudo-
holomorphic curves to be realized as harmonic maps. As an application, we present a generalized Big
Picard Theorem for pseudo-holomorphic maps between manifolds with almost complex structures.
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1. Introduction
The primary goal of this paper concerns the removable singularity theorems for the pseudo-
holomorphic mappings between manifolds with non-integrable almost complex structures.
Our starting point is to describe the pseudo-holomorphic curves as harmonic maps. This can
be achieved if one chooses an appropriate affine connection for the tangent bundle of the target
manifold. We show that such a choice is always possible in Proposition 1.
Then we develop necessary methods upon this harmonic map equation so that one may apply
this information for various purposes. In particular, we have obtained the following generalized
version of Big Picard Theorem:
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Kobayashi hyperbolic almost complex manifold. Then every holomorphic map f :X \ A → M
extends a holomorphic map on X into M .
The precise definition of thin subsets will be given in Section 2.
The study pertaining to the Generalized Big Picard Theorem shows an impressive history.
Among all the significant contributions, we have been influenced by [11,12,16,17,22]. On the
other hand, due to the non-integrability of the almost complex structure of the target manifold M ,
the method of Noguchi [22] was most relevant for the present work.
The proof of Theorem 1 is divided into two parts. The first part treats pseudo-holomorphic
curves. This work follows the line of Noguchi’s proof in its structure, although much of the
key steps including the Riemann removable singularity theorem for pseudo-holomorphic maps
had to be re-established based upon the harmonic map equation. Next, we consider general
pseudo-holomorphic maps between almost complex manifolds. The continuous extension can be
obtained by the normal family theorem for pseudo-holomorphic curves, which is a consequence
of the fact that the target manifold M is compact hyperbolic. Since the Riemann extension theo-
rem and the Cauchy integral formula are not available for the pseudo-holomorphic maps between
non-integrable almost complex manifolds, we exploit appropriate properties from the Dirichlet
problem for the harmonic map equation to prove the smoothness of a pseudo-holomorphic map
with singularities contained in a thin subset.
2. Notation and terminology
Throughout this paper, by an almost complex manifold we mean a C∞ smooth manifold with
a C∞ smooth almost complex structure J .
Let X and M be almost complex manifolds with almost complex structures JX and JM .
A differentiable map f :X →M is called pseudo-holomorphic if
JM ◦ df = df ◦ JX.
It is known that every C1 pseudo-holomorphic map between almost complex manifolds is indeed
C∞ smooth. See [18].
We denote by E the unit disc in the complex plane C, i.e.,
E = {z = x1 + √−1x2: |z| < 1}.
Let M be an almost complex manifold. For a tangent vector ξ ∈ TpM , the Kobayashi
(pseudo)metric KM(p; ξ) is defined in the way that
KM(p; ξ)= inf
{
t > 0: f :E →M pseudo-holomorphic, f (0)= p, df0
(
∂/∂x1
)= ξ/t}.
The induced distance called the Kobayashi (pseudo)distance is defined by
dKM(p,q)= infγ
∫
γ
KM
(
γ (t);γ ′(t))dt,
where the infimum is taken over all possible C1 curves in M connecting p and q . It is known
that every pseudo-holomorphic mapping decreases the Kobayashi metric and distance. An almost
complex manifold M is said to be hyperbolic if dK is an actual distance function.M
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to be hyperbolically embedded in N , if for every pair (p, q) of different points in M , there exist
neighborhoods U and V of p and q in N such that
dKM(M ∩U,M ∩ V ) > 0,
where M is the closure of M in N . For further detail on the Kobayashi metric and distance, see
[9,13,14].
We call a smooth map g from Ed−1 × E into an almost complex manifold X of dimension
2d a local foliation of X by pseudo-holomorphic discs around p, if
(i) g is a diffeomorphism onto a neighborhood V of p,
(ii) g(0,0)= p, and
(iii) g(z′, ·) :E →X is a pseudo-holomorphic embedding for every z′ ∈Ed−1.
It is known that there exists a local foliation by pseudo-holomorphic discs around p, for every
point p in X (cf. [21]). A closed subset A of X is called a thin subset if there exists a local
foliation g = gp of X by pseudo-holomorphic discs around p, for every p ∈ A which satisfies
the following properties:
(A) There is a positive constant r < 1 such that Az′ = {w ∈E: g(z′,w) ∈A} is a finite point set
contained in the r-disc Er = {w ∈ C: |w|< r} for every z′ ∈Ed−1.
(B) There exist sequences {rj } and {sj } of real numbers less than 1 such that rj → 0 and the
cylinders {(z′,w): |w| = rj , |z′|< sj } does not intersect g−1(A) for every j = 1,2, . . . .
As an example, every analytic subvariety of a complex manifold is a thin subset.
Let Ω be a domain in Rl . The L2-Sobolev space H 1,2(Ω,Rn) is defined in the usual way that
H 1,2
(
Ω,Rn
)= {f = (f 1, . . . , f n) :Ω → Rn: f i ∈ L2 and ∂f i/∂xα ∈ L2
for every i = 1, . . . , n and for every α = 1, . . . , l}.
Let k be a non-negative integer. For a real number 0 < λ< 1, the (k, λ)-Hölder norm ‖f ‖Ck,λ(Ω)
of a mapping f :Ω → Rn is defined by
‖f ‖Ck,λ(Ω) =
∑
|I |k
n∑
i=1
sup
Ω
∣∣DIf i∣∣+ ∑
|I |=k
n∑
i=1
sup
x 
=y
|DIf i(x)−DIf i(y)|
|x − y|λ ,
where I = (α1, . . . , αl) is a multi-index, |I | =∑αj and DI = (∂/∂x1)α1 · · · (∂/∂xl)αl . Let v be
a mapping on ∂E into Rn. Regard v as a mapping θ → v(exp(√−1 θ)) for a real variable θ . Let
v(k) be the kth derivative of v in θ . Then the (k, λ)-norm ‖v‖Ck,λ(∂E) of v is defined by
‖v‖Ck,λ(∂E) = ‖v‖Ck + sup
|v(k)(exp(√−1 θ1))− v(k)(exp(
√−1 θ2))|
| exp(√−1 θ1)− exp(
√−1 θ2)|λ
,
where ‖v‖Ck represents the Ck norm of v and where the supremum is taken over all the θ1 and
θ2 for which exp(
√−1 θ1) 
= exp(
√−1 θ2). The Hölder spaces Ck,λ(Ω,Rn) and Ck,λ(∂E,Rn)
are defined by
Ck,λ
(
Ω,Rn
)= {f :Ω → Rn: ‖f ‖Ck,λ(Ω) <∞}
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(
∂E,Rn
)= {v : ∂E → Rn: ‖v‖Ck,λ(∂E) <∞}.
Throughout this paper, we chose not to use the summation convention.
3. Harmonic map equation and holomorphic curves
Let X be a Riemannian manifold with metric ds2 and let M a smooth manifold with an
affine connection ∇M . The Levi-Civita connection of X is denoted by ∇X . For a smooth map
f :X → M , df is regarded as a section of the vector bundle T ∗X ⊗ f−1TM over N . Let ∇ be
the connection of T ∗X ⊗ f−1TM induced by ∇X and ∇M . Then the tension field τ∇(f ) of f
is defined by
τ∇(f )= trace∇ df,
i.e., if ∇∂/∂xα df =∑β,i F iαβ dxβ ⊗ ∂∂yi , then
τ∇(f )=
∑
α,β,i
hαβF iαβ
∂
∂yi
,
where (hαβ) is the coefficients of the dual metric of ds2. In the case that M is a Riemannian
manifold and ∇M is the Levi-Civita connection, f is called a harmonic map if τ∇(f ) = 0. See
[2,10,24,25], for instance.
In general, pseudo-holomorphic maps between almost Hermitian manifolds are not harmonic
in the sense of Riemannian geometry. However, we present the following proposition.
Proposition 1. Let (M,J ) be an almost complex manifold and let S be a Riemann surface with
a conformal metric. Suppose that ∇M is an affine connection of M which satisfies the following
conditions:
(C1) ∇M is J -linear, i.e., ∇MJ = 0.
(C2) For every p ∈ M and for every Ξ ∈ TpM , T (Ξ,JΞ) = 0 where T is the torsion tensor
of ∇M .
Then a pseudo-holomorphic mapping f :S →M satisfies the equation
τ∇(f )= 0
regardless of the choice of the conformal structure on S.
For an almost complex manifold (M,J ), there are J -linear connections whose torsion tensor
coincides with a constant multiple of the Nijenhuis tensor of J . Such a connection is called a
minimal connection. (See [3].) By the definition of the Nijenhuis tensor, every minimal connec-
tion satisfies the condition (C2). If ds2 is a Hermitian metric on (M,J ), there exists a unique
J -linear connection ∇ with no (1,1) component in its torsion, that is compatible with the metric
structure (that is, ∇ ds2 = 0). (See [15].) Such a connection ∇ is called the canonical connection
of the almost Hermitian manifold (M,J,g). The canonical connection of an almost Hermitian
manifold satisfies (C2), since a 2-form without (1,1) part vanishes on an every one-dimensional
complex direction.
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= 0} is an open dense subset of S unless f is
constant and since τ∇(f ) = 0 is a local property, we may assume that f :S → M is a pseudo-
holomorphic embedding. Let z = x1 +√−1 x2 is a local complex coordinate system of S and let
ds2 = a(z)2 dzdz¯ be a conformal metric on S. Denote the image f (S) by Σ . Since (Σ,JΣ) is a
Riemann surface, we can choose a local coordinate system (y1, y2) which satisfies that ∂/∂y2 =
J (∂/∂y1) where JΣ is the restriction of J on TΣ . Choose a local moving frame {ei : i = 1, . . . ,
n = dimM} along Σ of M for which e1 = ∂/∂y1 and e2 = ∂/∂y2. Denote by f = (f 1, f 2). Let
df = f iα dxα ⊗ ei . Then
f iα =
{
∂f i
∂xα
if i = 1,2,
0 if i  3,
if we regard f as a pseudo-holomorphic map from S onto Σ .
Let Γ˜ γαβ be the Christoffel symbols for the Levi-Civita connection of S. Let ∇M be a connec-
tion on (M,J ) satisfying the conditions (C1) and (C2). We use notation ∇ instead of ∇M , for
the sake of simplicity. Since
∇ ∂
∂xα
df =
∑
β,i
∇ ∂
∂xα
f iβ dx
β ⊗ ei
=
∑
β,i
(
∂
∂xα
f iβ −
∑
γ
Γ˜
γ
αβf
i
γ
)
dxβ ⊗ ei +
∑
β,i,j
f iαf
j
β dx
β ⊗ ∇ei ej ,
the tension field of f turns out to be
τ∇(f )= a−2
(∑
α,i
∂
∂xα
f iαei −
∑
α,γ,i
Γ˜ γααf
i
γ ei +
∑
α,i,j
f iαf
j
α ∇ei ej
)
.
Since (x1, x2) and (y1, y2) form complex coordinates of S and Σ , respectively,∑
α
∂
∂xα
f iα =Δf i = 0,
where Δ= (∂/∂x1)2 + (∂/∂x2)2. Since the conformal property of ds2 implies that Γ˜ 111 = Γ˜ 212 =
Γ˜ 221 = −Γ˜ 122 and Γ˜ 112 = Γ˜ 121 = Γ˜ 222 = −Γ˜ 211, it follows that∑
α,γ,i
Γ˜ γααf
i
γ ei = 0.
Moreover, since ∇ satisfies the conditions (C1) and (C2), it follows that
∇e2e2 = ∇Je1Je1
= J∇Je1e1
= J{∇e1Je1 + [Je1, e1] − T (e1, J e1)}
= −∇e1e1.
Therefore,∑
α,i,j
f iαf
j
α ∇ei ej =
((
f 11
)2 + (f 12 )2)(∇e1e1 + ∇e2e2)= 0.
Altogether, the assertion follows immediately. 
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bols for a connection ∇ of M . Then the tension field τ∇(f ) of a smooth map f : S →M vanishes
if and only if
Δf i +
∑
α,j,k
Γ ijk(f )
∂f j
∂xα
∂f k
∂xα
= 0 (1)
for all i = 1, . . . , n where z = x1 + √−1x2 is a coordinate of S.
4. Generalized Big Picard Theorem for pseudo-holomorphic curves
In this section, we prove Theorem 1 for pseudo-holomorphic curves, which is stated as fol-
lows.
Theorem 2. Let A be a subset a Riemann surface S consisting of discrete points of S. Let M
be a compact hyperbolic almost complex manifold. Then every pseudo-holomorphic map f :
S \A →M extends a pseudo-holomorphic map defined on S.
Choosing a local coordinate, we may assume that S \A=E∗. As in the case of the integrable
complex structures, the first step toward the Big Picard Theorem is to establish the Riemann
removable singularity theorem. (See [11,16], for instance.) Namely, the crucial argument of the
matter in those approaches consists of two steps: (i) to establish the existence of a punctured
neighborhood U of 0 in the punctured disc E∗ such that f (U) is contained in a domain biholo-
morphic to a bounded domain in Cm, for every holomorphic mapping f :E∗ →M , and then (ii)
to show that the singularity at the origin is indeed removable.
So one would like to expect that the same holds for the almost complex case. Namely, under
the assumption that Ω is a bounded domain in R2m and J an almost complex structure defined
on a neighborhood of Ω , one may like to establish the same for the pseudo-holomorphic map
f :E∗ → Ω . However, the second step does not follow in general from the first step, as shown
in the following example.
Example. Let M = S6 = {(x1, . . . , x7): (x1)2 + · · · + (x7)2 = 1} be the 6-dimensional sphere
in R7. Let J˜ be the almost complex structure on M defined by the Caley algebra structure on R8.
(See [7].) Then
S2 = {(x1, x2, x3,0, . . . ,0): (x1)2 + (x2)2 + (x3)2 = 1}
is a complex submanifold of M . Let Ω be the domain in R6 defined by the image of the stereo-
graphic projection of a neighborhood of the closed lower hemisphere in M from the north pole
(0, . . . ,0,1) and let J be the induced almost complex structure by the projection. Then Ω is
a bounded domain in R6 and J is defined on the entire R6. Let f :E∗ → C be a holomorphic
function which has an essential singularity at 0. Of course f induces a pseudo-holomorphic map
from E∗ to Ω since Ω contains the Riemann sphere as a complex submanifold. Nevertheless, it
is now evident that the singularity at the origin is not removable.
On the other hand, the following restricted version of Riemann extension theorem still holds.
Proposition 2. Let M be an almost complex manifold of dimension n= 2m and let S a Riemann
surface. Suppose that f :S → M is a continuous map that is pseudo-holomorphic on S except
on a subset with no limit points. Then f is pseudo-holomorphic everywhere on S.
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on E∗. Let p = f (0). Choose a local coordinate neighborhood (W,y1, . . . , yn) of p so that the
following hold:
(1) yi(p)= 0 for every i = 1, . . . , n.
(2) J0 = Jst and J is sufficiently close to Jst in uniform C1 sense on W where Jst represents
the standard complex structure of Rn.
(3) W is regarded as a bounded domain in Rn.
(4) W is hyperbolic with respect to the almost complex structure J .
Shrinking the domain further if necessary, we may assume that f maps E into W and is
smooth up to ∂E. Let
ds2J (Ξ1,Ξ2)=
1
2
(〈Ξ1,Ξ2〉 + 〈JΞ1, JΞ2〉),
where 〈 , 〉 is the Euclidean inner-product of Rn. Let Γ = (Γ ijk) be the Christoffel symbols for
the canonical connection of ds2J . Then for every  > 0, there exists δ > 0 such that
sup
q∈W
∣∣Γ ijk(q)∣∣< 
whenever ‖J − Jst‖C1(W) < δ by (W2). Proposition 1 implies that f satisfies the system of
equations
Δf i +
∑
α,j,k
Γ ijk(f )f
j
α f
k
α = 0, (2)
where f jα = ∂f j /∂xα . For 0 < r < 1, let Ar = {z ∈ C: r < |z| < 1}, σr = {|z| = r} and σ =
∂E = {|z| = 1}. Denote by Dg the gradient of a function g :E → R. Then∣∣Df i∣∣2 = div(f iDf i)− f iΔf i,
where div V represents the divergence of a vector field V . It follows by Eq. (2) and the Diver-
gence Theorem that∫
Ar
∣∣Df i∣∣2 = ∑
α,j,k
∫
Ar
Γ ijkf
j
α f
k
α f
i +
∫
σ
f iDf i · nds −
∫
σr
f iDf i · nds. (3)
(The dot denotes the Euclidean inner product of E and n the outward normal vectors for E and
Er on their boundaries, where Er = {|z| < r}.) Since W is a bounded domain in Rn, |f i(z)| <C0
on E for some constant C0, i = 1, . . . , n.∣∣∣∣ ∑
α,j,k
∫
Ar
Γ ijkf
j
α f
k
α f
i
∣∣∣∣ ∑
α,j,k
C0
∫
Ar
∣∣f jα ∣∣∣∣f kα ∣∣

∑
j,k
2C0
( ∫
Ar
∣∣Df j ∣∣2)1/2( ∫
Ar
∣∣Df k∣∣2)1/2
= 2C0
{∑
j
(∫ ∣∣Df j ∣∣2)1/2}2.
Ar
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j
aj
)2
=
∑
j,k
aj ak 
∑
j,k
a2j + a2k
2
= n
∑
j
a2j .
Therefore, it holds that∣∣∣∣ ∑
α,j,k
∫
Ar
Γ ijkf
j
α f
k
α f
i
∣∣∣∣ 2nC0∑
j
∫
Ar
∣∣Df j ∣∣2. (4)
Let C1 be a upper bound of |
∫
σ
f iDf i · nds|. Let (ρ, θ) be the polar coordinate system of E.
Then Df i · n= ∂f i/∂ρ and
∣∣∣∣
∫
σr
f iDf i · nds
∣∣∣∣ C0
∫
σr
∣∣∣∣∂f i∂ρ
∣∣∣∣ds = C0
2π∫
0
∣∣∣∣∂f i∂ρ
∣∣∣∣r dθ.
Let J˜ be the standard complex structure of D. Then we have
∂
∂ρ
= − 1
ρ
J˜
(
∂
∂θ
)
.
Since f is pseudo-holomorphic, it holds on σr that∣∣∣∣∂f i∂ρ
∣∣∣∣
〈
df
(
∂
∂ρ
)
, df
(
∂
∂ρ
)〉1/2

(〈
df
(
∂
∂ρ
)
, df
(
∂
∂ρ
)〉
+
〈
df
(
∂
∂θ
)
, df
(
∂
∂θ
)〉)1/2
 1
r
(〈
J df
(
∂
∂θ
)
, J df
(
∂
∂θ
)〉
+
〈
df
(
∂
∂θ
)
, df
(
∂
∂θ
)〉)1/2
=
√
2
r
dsJ
(
df
(
∂
∂θ
))
.
Therefore, it follows that∣∣∣∣
∫
σr
f iDf i · nds
∣∣∣∣√2C0L(f (σr)),
where L(γ ) is the length of a curve γ measured by the Hermitian metric ds2J . Recall that the
Kobayashi metric KE∗ is given by
KE∗(z; ξ)= |ξ ||z|(log |z|−2) , (5)
this implies that the Kobayashi length of σr tends to zero as r approaches zero. By the distance
decreasing property of the Kobayashi metric, the Kobayashi length of the curve f (σr) converges
to zero as r → 0. As a consequence, we have
lim L
(
f (σr)
)= 0 (6)
r→0
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E
∣∣Df i∣∣2  2C0n∑
j
∫
E
∣∣Df j ∣∣2 +C1 (7)
from (3), (4) and (6). If we choose  small enough to satisfy the inequality 2C0n2  1/2, then
it follows that∑
i
∫
E
∣∣Df i∣∣2  2nC1
by (7). Therefore, f is a continuous weak solution of the equation (2), i.e., f ∈ C0(E) ∩
H 1,2(E,Rn) and it satisfies that∫
E
Df i ·Dφ =
∑
α,j,k
∫
E
Γ ijk(f )f
j
α f
k
α φ
for every smooth function φ on E with compact support, i = 1, . . . , n. The assertion follows by
the regularity theorem of weak harmonic maps. (See [10,24], for instance.) 
Remarks. The existence of hyperbolic neighborhoods in almost complex manifolds was shown
by J.-C. Sikorav in [26]. It can be also derived by Gromov’s Schwarz lemma. See [6]. More
recently, S. Kobayashi proved the existence of hyperbolic neighborhoods using Ahlfors’ Schwarz
lemma in [15]. Furthermore, it is known now that every point in an almost complex manifold
admits a complete hyperbolic neighborhood. See [4,8].
We are now ready to present
Proof of Theorem 2. By virtue of Proposition 2, it suffices to show that f has a continuous
extension. Let {zj ∈E∗} be a sequence of points in E∗ tending to zero. Choosing a subsequence
if necessary, we may assume that f (zj ) → p ∈ M as j → ∞ since M is compact. Let rj = |zj |
and let σr = {z ∈ C: |z| = r} for 0 < r < 1. Since the Kobayashi length of σrj converges to 0 as
j → ∞, so does that of f (σrj ) by the decreasing property of the Kobayashi metric. Therefore,
f (σrj )→ p as j → ∞, since M is compact hyperbolic.
Suppose that f is not continuous at 0. Then there is a neighborhood W of p which is dif-
feomorphic to the unit ball B(1) in Rn centered at p, and there is a sequence {sj } of positive
real numbers decreasing to zero such that f (σsj ) is not contained in W for any j . Choosing a
subsequence, we assume that 0 < rj < sj < 1 for each j and that f (σsj ) → q 
= p as j → ∞.
Let Rj = {z ∈ C: rj < |z| < sj }.
Denote by A(S) the area of a surface S with respect to a Hermitian metric ds2 of M . Since f
is pseudo-holomorphic and M is compact hyperbolic, there is a constant C such that A(f (Rj ))
CAKob(Rj ) where AKob(Rj ) represents the area of the annulus Rj measured by the Kobayashi
metric of E∗. It is well-known that AKob(Rj )→ 0 as j → ∞ and hence
lim
j→∞A
(
f (Rj )
)= 0. (8)
In order to arrive at a contradiction, we present the following lemma, usually called Gromov’s
Monotonicity Lemma.
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Riemannian metric. Denote by B(x, ) the ball with radius  centered at x in M . Then there are
positive constants 0 and C such that for every   0 and every pseudo-holomorphic curve S, it
holds that
A
(
S ∩B(x, )) C2
whenever x ∈ S and S ∩B(x, ) is a compact surface with its boundary contained in ∂B(x, ).
Since q is not contained in V = B(1), we may assume that f (σsj ) ⊂ M \ B(3/4), and
f (σrj ) ⊂ B(1/4) for every j . Then there is wj ∈ Rj such that pj := f (wj ) ∈ ∂B(1/2) for
every j . If  < min{0,1/4}, then it follows that
A
(
f (Rj )
)
A
(
f (Rj )∩B(pj , )
)
C2
for every j . This contradicts (8). Therefore, f admits a continuous extension. Now Proposition 2
yields the desired conclusion. 
Remark. Notice that Lemma 1 replaces Noguchi’s arguments in [22] that exploited the lower
bound formula for the area of analytic varieties in terms of the Lelong numbers. (See also [23].)
Remark. Let M be a compact almost complex manifold with almost complex structure J . Then
it is known that a pseudo-holomorphic map f :E∗ →M extends continuously (and hence, holo-
morphically) to E if either the area or the energy of f with respect to a Hermitian metric is
bounded. (See [6,19,20].) Suppose that M is compact hyperbolic. Given a Hermitian metric ds2
on M , there exists a constant C such that |Ξ |ds2  CKM(p;Ξ) for every p ∈ M and for every
Ξ ∈ TpM , where | · |ds2 is the length of vectors measured by ds2. Therefore, if f :E∗ → M is
pseudo-holomorphic, then it follows that
∣∣dfz(ξ)∣∣ds2 C |ξ ||z|(log |z|−1)
for some positive constant C by the decreasing property of the Kobayashi metric and (5). Let
E∗(r0)= {z ∈ C: 0 < |z| < r0}. Then for a positive number r0 less than 1, the energy E(f |E∗(r0))
of f |E∗(r0) satisfies that
E(f |E∗(r0))C
r0∫
0
2π∫
0
1
r2(log r)2
r dθ dr +∞,
which in turn implies the pseudo-holomorphic extension. This yields an alternative proof of
Theorem 2.
In [11,12,17,22], holomorphic or continuous extension theorems have been proved in case
when M is a hyperbolically embedded submanifold of a complex manifold N . Our arguments
here imply an analogous theorem for the case when M is an almost complex manifold.
Theorem 3. Let M be an almost complex submanifold of an almost complex manifold N , which
is relatively compact and hyperbolically embedded in N . Then every pseudo-holomorphic map
f :E∗ →M extends to a pseudo-holomorphic map of E into N .
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Thus, expecting a contradiction we assume that f is not continuous at 0.
Then there exist sequences {zj } and {wj } in E∗ tending to 0 as j → ∞ as well as two distinct
points p and q in M such that for which f (zj )→ p and f (wj )→ q as j → ∞. Choose neigh-
borhoods Vp and Vq of p and q , respectively, such that dKM(M ∩ Vp,M ∩ Vq) > 0. Let rj = |zj |
and let sj = |wj |. Since the Kobayashi lengths of σrj and σsj converge to zero, we may assume
that f (σrj ) ⊂ Vp and f (σsj ) ⊂ Vq . Then Gromov’s monotonicity lemma immediately yields a
contradiction as did in the proof of Theorem 2. This completes the proof. 
5. Mappings from higher dimensional manifolds
We now prove Theorem 1 for general cases. Let A be a thin subset of an almost complex
manifold X of dimension 2d and let f be a pseudo-holomorphic map into a compact hyperbolic
almost complex manifold M of dimension n = 2m which is defined on X \ A. For an arbitrary
point p ∈A, choose a local foliation g :Ed−1 ×E →X satisfying the conditions (A) and (B) in
the definition of thin subsets. We denote by fz′ the map f ◦ g(z′, ·) for every z′ ∈ Ed−1. Since
fz′ is a pseudo-holomorphic map defined on the unit disc E except finite number of points, it
can be extended to a pseudo-holomorphic map defined on the entire disc E by Theorem 2, for
every z′ ∈Ed−1. We also denote by fz′ the extended map. Let {z′j } be a sequence in Ed−1 which
tends to 0 as j → ∞. Since M is compact hyperbolic, we may assume, choosing a subsequence
if necessary, that the pseudo-holomorphic mappings fz′j converge to a pseudo-holomorphic map
F :E →M , uniformly on every compact subset of E. Then it follows by the condition (A) that
F(w)= lim
j→∞fz
′
j
(w)= f0(w)
whenever |w| > r . Therefore, it follows that f0 ≡ F on E by the Unique Continuation Principle
for pseudo-holomorphic curves, (cf. [1,19]) and that fz′ → f0 uniformly on every compact subset
of E as z′ → 0. This implies that f ◦ g is continuous in a neighborhood of (0,0). Since p is an
arbitrarily chosen point of A, f can be extended to a continuous map defined on X, which is also
denoted by f .
In order to complete the proof of Theorem 1, it is sufficient to prove the smoothness of the
continuously extended mappings. For this purpose we present a lemma at this juncture.
Lemma 2. Let B1 and B2 be Banach spaces and let L0 :B1 → B2 be a bounded linear operator
with a bounded inverse. Then there is a neighborhood of L0 in which every element is invertible.
Proof. We shall have the notation ‖ · ‖ represent the norms for both spaces B1 and B2, since
there seem no danger of confusion.
The invertibility of L0 implies that there exists a positive constant C0 such that
‖x‖C0‖L0x‖
for every x ∈ B1. We show first that if  > 0 is small enough then there exists a constant C such
that
‖x‖C‖Lx‖ (9)
for every x ∈ B1 whenever ‖L − L0‖ < . Suppose not. Then there exist sequences {LN } of
bounded operators converging to L and {xN } in B1 such that
‖xN‖>N‖LNxN‖
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as N → ∞. But, it also holds that ‖(L0 −LN)(xN)‖ ‖LxN‖−‖LN(xN)‖ C−10 −1/N . This
is a contradiction.
Now, choose any positive real number δ with δ < . Observe that the inequality (9) implies
that L is one-to-one whenever L is within the δ-neighborhood of L0. Therefore, it suffices to
show that L is surjective if δ is small enough, thanks to the Open Mapping Theorem.
To see the surjectivity of L, let y ∈ B2. Note that Lx = y for an element x ∈ B1 if and only if
L0x = y + (L0 −L)x
or, equivalently
x = L−10 y +L−10 (L0 −L)(x) (10)
since L0 is invertible. Let Ty : B1 → B1 be the mapping defined by
Ty(x) = L−10 (y)+L−10 (L0 −L)(x).
Then a vector x solves the equation Lx = y if and only if x is a fixed point of Ty by (10). Since
‖Ty(x1) − Ty(x2)‖ C0δ‖x1 − x2‖ for every pair (x1, x2) of vectors in B1, Ty is a contraction
map, if we choose δ so small that C0δ < 1. Now it follows by the Contraction Mapping Principle
that Ty has a unique fixed point for every y ∈ B2. Therefore L is surjective and the proof is
complete. 
We now continue the proof of Theorem 1. Again, fix p ∈ A, and choose g, a local foliation
by pseudo-holomorphic discs around p. Shrinking the domain if necessary, we may assume that
g is smooth in a neighborhood of Ed−1 ×E and fz′ pseudo-holomorphic on a neighborhood U
of E for every z′ ∈ Ed−1. Let W be a coordinate neighborhood of f (p) which is diffeomorphic
to a bounded domain in Rn, where n = 2m. Let W ′ be a neighborhood of f (p) in M which is
relatively compact in W . We may also assume that f ◦ g maps Ed−1 × E into W ′ since f is
continuous on X. Let ∇ be a smooth affine connection on M which satisfies the conditions (C1)
and (C2) in Proposition 1 and let Γ ijk be the Christoffel symbols of ∇ in the coordinate system
(y1, . . . , yn) of W . We denote by vz′ the restriction of fz′ on ∂E. Define a smooth functional
G which maps a neighborhood of (f0, v0) in C2,λ(E,Rn) × C2,λ(∂E,Rn) into C0,λ(E,Rn) ×
C2,λ(∂E,Rn) by
G(h, v) =
((
Δhi +
∑
α,j,k
Γ ijk(h)
∂hj
∂xα
∂hk
∂xα
)
i=1,...,n
, h|∂E − v
)
,
where
(i) w = x1 + √−1x2 is the coordinate of E, and
(ii) the spaces Ck,λ(E,Rn) and Ck,λ(∂E,Rn) are the Hölder spaces of mappings introduced in
Section 2.
By Proposition 1, we see that G(f0, v0) = 0. Let L :C2,λ(E,Rn) → C0,λ(E,Rn) × C2,λ ×
(∂E,Rn) be the Fréchet differential of G in the variable h at (f0, v0). Then for each h ∈
C2,λ(E,Rn), it holds that
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dt
G(f0 + th, v0)
∣∣∣
t=0 =
((
Δhi +
∑
α,j
biαj
∂hj
∂xα
+
∑
j
cij h
j
)
i=1,...,n
, h|∂E
)
,
where
biαj =
∑
k
(
Γ ijk(f0)+ Γ ikj (f0)
) ∂f k0
∂xα
and
cij =
∑
α,k,l
∂Γ ikl
∂yj
(f0)
∂f k0
∂xα
∂f l0
∂xα
.
Let L0 :C2,λ(E,Rn)→ C0,λ(E,Rn)×C2,λ(∂E,Rn) be the bounded linear operator defined by
L0(h)= (Δh,h|∂E).
Lemma 3 (Hölder estimates for the Poisson equation). For every pair (v˜, φ) ∈ C2,λ(E,Rn) ×
C0,λ(E,Rn), there exists a unique solution f ∈ C2,λ(E,Rn) of the Dirichlet problem{
Δf = φ,
f = v˜ on ∂E.
Moreover, f satisfies that
‖f ‖C2,λ(E) C
(‖v˜‖C2,λ(E) + ‖φ‖C0,λ(E))
for a constant C independent of f , v˜ and φ.
Proof. See [5, Theorems 3.7 and 6.6]. 
Let A = {z ∈ C: 1/2 < |z| < 1} and let E(r)= {z ∈ C: |z| < r} for every r > 0. For a mapping
v ∈ C2,λ(∂E,Rn), define v1 ∈ C2,λ(A,Rn) by
v1
(
r exp
(√−1 θ))= v(exp(√−1 θ)).
Then v1 satisfies the inequality
‖v1‖C2,λ(A)  22+λ‖v‖C2,λ(∂E).
Choose a real-valued smooth function χ defined on E with compact support, which equals to 1
on a neighborhood of E( 12 ). Define v˜ ∈ C2,λ(E,Rn) by
v˜ = (1 − χ)v1.
Then it follows that
‖v˜‖C2,λ(E)  C1‖v1‖C2,λ(A) C2‖v‖C2,λ(∂E)
for some positive constants C1 and C2 depending only on χ . Consequently, for every pair
(v,φ) ∈ C2,λ(∂E,Rn) × C0,λ(E,Rn), there exists a unique solution f of the Dirichlet prob-
lem {
Δf = φ,
f | = v,∂E
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‖f ‖C2,λ(E)  C
(‖v‖C2,λ(∂E) + ‖φ‖C0,λ(E))
for a constant C independent of f , v and φ. This yields the invertibility of L0.
Note now that the operator norm ‖L − L0‖ is bounded by the (0, λ)-Hölder norm of biαj
and cij . Consider the reparametrization of g by the dilation (z′,w) → (tz′, tw) for a constant
t > 0. Let gt (z′,w)= g(tz′, tw) and let f t
z′(w)= f ◦ gt (z′,w).
For the sake of simplicity, we suppress the indices for biαj and c
i
j momentarily. Let b˜(w) =
Γ (f0)
∂f0
∂x
(w) and let b˜t (w) = Γ (f t0 ) ∂f
t
0
∂x
(w). Then b˜t (w) = t b˜(tw). Furthermore, for every pair
(w1,w2) of different points of E, it follows that
|b˜t (w1)− b˜t (w2)|
|w1 −w2|λ = t
1+λ |b˜(tw1)− b˜(tw2)|
|tw1 − tw2|λ .
This implies that ‖b˜t‖C0,λ(E)  t‖b˜‖C0,λ(E) → 0 as t → 0. Therefore, reparametrizing g by the
dilation if necessary, we may assume that, for an arbitrarily given η > 0, ‖biαj‖C0,λ(E) < η. Simi-
larly, we may also assume that ‖cij‖C0,λ(E) < η. Therefore, by Lemma 2, choosing a sufficiently
small η, the operator L becomes invertible. Moreover, letting the dilation constant t coincide
with rj , we may assume that f ◦g is smooth on {(z′,w): |z| < s, |w| = 1} for some positive real
number s, where rj is the sequence given in the condition (B). Then, by the Implicit Function
Theorem, there exists a differentiable functional F :C2,λ(∂E,Rn) → C2,λ(E,Rn) defined on a
neighborhood of v0 and positive constants 1 and δ such that h = F(v), whenever G(h, v) = 0,
‖v − v0‖C2,λ(∂E) < 1 and ‖h− f0‖C2,λ(E) < δ.
Since f ◦ g is uniformly continuous on a neighborhood of Ed−1 ×E, the maps fz′ converge
to f0 uniformly on a neighborhood of E as z′ → 0. By the normal family theorem for pseudo-
holomorphic mappings by Sikorav (cf. [26, Theorem 2.2.1]), the maps fz′ converges to f0 in fact
in the (k, λ)-Hölder norm topology on E for every (k, λ). In particular, there exists a positive real
number  such that ‖fz′ − f0‖C2,λ(E) < δ whenever |z′| < . Since the map z′ → vz′ is smooth
by its definition, ‖vz′ − v0‖C2,λ(∂E) < 1 holds whenever  is sufficiently small. Furthermore, the
map z′ → fz′ =F(vz′) is smooth in |z′|< .
Altogether, f ◦g is smooth in a neighborhood of p. Now the desired conclusion follows, since
p is arbitrary and g is a diffeomorphism.
As we have mentioned in Section 2, every analytic subvariety of a complex manifold is a thin
subset. Therefore, we can present the following version of General Big Picard Theorem.
Theorem 4. Let X be a complex manifold of complex dimension d and let A an analytic sub-
variety of X. If M is a compact hyperbolic almost complex manifold of real dimension n = 2m,
then every pseudo-holomorphic map f :X \A→M extends to a pseudo-holomorphic map of X
into M .
Notice that Theorem 4 generalizes Theorem 5 in [16].
Acknowledgments
This is a part of the author’s PhD thesis. It is a pleasure to thank Professor Kang-Tae Kim for his guidance.
J.-C. Joo / J. Math. Anal. Appl. 323 (2006) 1333–1347 1347References
[1] N. Aronszajn, A unique continuation theorem for elliptic differential equations or inequalities of the second order,
J. Math. Pures Appl. 36 (1957) 235–239.
[2] J. Eells, J.H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math. 86 (1964) 109–160.
[3] P. Gauduchon, The canonical almost complex structure on the manifold of 1-jets of pseudo-holomorphic mappings
between two almost complex manifolds, in: M. Audin, J. Lafontaine (Eds.), Holomorphic Curves in Symplectic
Geometry, in: Progr. Math., vol. 117, Birkhäuser, Basel, 1994, pp. 69–73.
[4] H. Gaussier, A. Suhkov, Estimates of the Kobayashi–Royden metric on almost complex manifolds, Bull. Soc. Math.
France 133 (2) (2005) 259–273.
[5] D. Gilbarg, N. Trudinger, Elliptic Partial Differential Equations of Second Order, second ed., Springer-Verlag,
Berlin, 1983.
[6] M. Gromov, Pseudo holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985) 307–347.
[7] C.C. Hsiung, Almost Complex and Complex Structures, Ser. Pure Math., vol. 20, World Scientific, Singapore, 1995.
[8] S. Ivashkovich, J.-P. Rosay, Hyperbolic distance to submanifolds in an almost-complex manifold, preprint.
[9] M. Jarnicki, P. Pflug, Invariant Distances and Metrics in Complex Analysis, de Gruyter, Berlin, 1993.
[10] J. Jost, Riemannian Geometry and Geometric Analysis, third ed., Universitext, Springer-Verlag, Berlin, 2002.
[11] P. Kiernan, Extension of Holomorphic maps, Trans. Amer. Math. Soc. 172 (1972) 347–355.
[12] P. Kiernan, Hyperbolically imbedded spaces and the big Picard theorem, Math. Ann. 204 (1973) 203–209.
[13] S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, Dekker, New York, 1970.
[14] S. Kobayashi, Hyperbolic Complex Spaces, Springer-Verlag, Berlin, 1998.
[15] S. Kobayashi, Almost complex manifolds and hyperbolicity, dedicated to Shiing-Shen Chern on his 90th birthday,
Results Math. 40 (1–4) (2001) 246–256.
[16] M.H. Kwack, Generalization of the big Picard theorem, Ann. of Math. 90 (1969) 9–22.
[17] M.H. Kwack, Hyperbolic imbedding and spaces of continuous extensions of holomorphic maps, J. Geom.
Anal. 4 (3) (1994) 361–378.
[18] K.H. Lee, Almost complex manifolds and Cartan’s uniqueness theorem, Trans. Amer. Math. Soc., in press.
[19] D. McDuff, D. Salamon, J-holomorphic Curves and Quantum Cohomology, Univ. Lecture Ser., vol. 6, Amer. Math.
Soc., Providence, RI, 1994.
[20] M.-P. Muller, Gromov’s Schwarz lemma, in: M. Audin, J. Lafontaine (Eds.), Holomorphic Curves in Symplectic
Geometry, in: Progr. Math., vol. 117, Birkhäuser, Basel, 1994, pp. 217–231.
[21] A. Nijenhuis, W. Wolf, Some integration problem in almost complex and complex manifolds, Ann. of Math. 77
(1963) 424–489.
[22] J. Noguchi, Moduli spaces of holomorphic mappings into hyperbolically imbedded complex spaces and locally
symmetric spaces, Invent. Math. 93 (1988) 15–34.
[23] J. Noguchi, T. Ochiai, Geometric Function Theory in Several Complex Variables, Amer. Math. Soc., Providence,
RI, 1990.
[24] R. Schoen, Analytic aspects of harmonic map problem, in: S.S. Chern (Ed.), Seminar on nonlinear PDE, 1984,
pp. 321–358.
[25] R. Schoen, S.T. Yau, Lectures on Harmonic Maps, International Press, Cambridge, MA, 1997.
[26] J.-C. Sikorav, Some properties of holomorphic curves in almost complex manifolds, in: M. Audin, J. Lafontaine
(Eds.), Holomorphic Curves in Symplectic Geometry, in: Progr. Math., vol. 117, Birkhäuser, Basel, 1994, pp. 165–
189.
